
A STUDY OF RATE-DEPENDENT AND RATE-INDEPENDENT REGULARIZATION
OF CRYSTAL PLASTICITY AT FINITE STRAINS

M. J. Lewandowski1 and S. Stupkiewicz1
1Institute of Fundamental Technological Research, Warsaw, Poland

1. Introduction
In this work, we aim to compare two regularization schemes of crystal plasticity: rate-dependent

[1, 2] and rate-independent [3] regularization. Obtained numerical results are confronted with exper-
imental data [4].

2. Regularization approaches
Single crystal plasticity at finite strains is based on a well-established kinematics framework. It

employs the elastic-plastic multiplicative split of the deformation gradient F, and the plastic velocity
gradient Lp is composed of the contributions of individual slip systems, thus

(1) F = FeFp, Lp = ḞpF−p =
Ns∑
α=1

γ̇αsα ⊗mα,

where γ̇α is slip rate on slip system α, and mα and sα denote slip system’s normal and slip direction,
respectively.

In the first regularization approach, there is no yield surface, and all slip systems are assumed
active. The slip rates γ̇α are specified by a nonlinear function (power-law) of the corresponding ratio
of the resolved shear stress τα to the critical resolved shear stress τ cα,

(2) ˙̄γα = γ̇0 signτα

(
|τα|
τ cα

)m
, τα = M · (sα ⊗mα),

where γ̇0 is a constant material parameter called reference slip rate, and it is identical for all slip
systems. M is the Mandel stress tensor that is work-conjugate with Lp. This regularization yields a
rate-dependent elastic-viscoplastic model.

In a rate-independent approach, a single yield surface F ≤ 0 is introduced, and plastic velocity
gradient is defined by an associated flow rule,

(3) F (M, τ cα) =

 Ns∑
α=1

(
τα
τ cα

)2n
1/2n

− 1 ≤ 0, Lp = λ̇
∂F

∂M
, λ̇ ≥ 0, λ̇F = 0.

It can be checked that Lp defined above is of the form (1)2. Plastic multiplier λ̇ is determined from
the consistency condition Ḟ = 0.

3. Results
As shown by Rice [5], loading of an FCC crystal along certain crystallographic directions results

in a simplified plane-strain model with three effective slip systems instead of twelve in the full 3D
model. This simplified 2D model has been used in the present study.



Numerical simulations of wedge indentation into a Ni single crystal have been performed in
order to investigate differences between viscoplastic (rate-dependent) and rate-independent regular-
ization. Geometrical data and material parameters have been taken from [4]. Figure 1 shows a contour
plot of the lattice rotation computed using the rate-independent model. It is compared to experimental
measurements taken from [4]. Agreement between experimental result and numerical calculations is
acceptable and the major features of lattice rotation are correctly reproduced.

In Fig. 2, detailed graphs presenting lattice rotation along x2 = const line in the deformed
configuration. In the right graph in Fig. 2, comparison of the two regularization schemes is presented.
No significant difference in lattice rotation is observed.

Figure 1. Wedge indentation in Ni single crystal: experimental results [4] (left) and numerical results calculated
using the rate-independent model, n = 20 (right).
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Figure 2. Comparison of the obtained lattice rotations with experimental and numerical results from [4].

[1] J. W. Hutchinson (1976). Bounds and self-consistent estimates for creep of polycrystalline mate-
rials, Proc. R. Soc. Lond. A, 348, 101-127.

[2] D. Peirce, R. J. Asaro, A. Needleman (1983). Material rate dependence and localized deformation
in crystalline solids, Acta Metall., 31, 1951-1976.

[3] K. Kowalczyk, W. Gambin (2004). Model of plastic anisotropy evolution with texture-dependent
yield surface, Int. J. Plast., 20, 19-54.
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